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Abstract

Box and Behnken [1958. Some new three level second-order designs for surface fitting. Statistical Technical Research Group
Technical Report No. 26. Princeton University, Princeton, NJ; 1960. Some new three level designs for the study of quantitative
variables. Technometrics 2, 455–475.] introduced a class of 3-level second-order designs for fitting the second-order response
surface model. These 17 Box–Behnken designs (BB designs) are available for 3–12 and 16 factors. Although BB designs were
developed nearly 50 years ago, they and the central-composite designs of Box and Wilson [1951. On the experimental attainment of
optimum conditions. J. Royal Statist. Soc., Ser. B 13, 1–45.] are still the most often recommended response surface designs. Of the
17 aforementioned BB designs, 10 were constructed from balanced incomplete block designs (BIBDs) and seven were constructed
from partially BIBDs (PBIBDs). In this paper we show that these seven BB designs constructed from PBIBDs can be improved
in terms of rotatability as well as average prediction variance, D- and G-efficiency. In addition, we also report new orthogonally
blocked solutions for 5, 8, 9, 11 and 13 factors. Note that an 11-factor BB design is available but cannot be orthogonally blocked.
All new designs can be found at http://www.math.montana.edu/∼jobo/bbd/.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Box–Behnken designs (BB designs) are 3-level second-order designs (SODs) introduced by Box and Behnken (1958,
1960), for fitting the second-order response surface model

y = X� + � (1)

for m factors x1, . . . , xm in n runs where y is the n × 1 response vector, X is a n × p model matrix with n 1 × p row
vectors x = (1, x1, . . . , xm, x1x2, . . . , xm−1xm, x2

1 , . . . , x2
m), � is a p × 1 vector of parameters to be estimated and � is

a n × 1 vector of errors with zero mean and covariance matrix In�2. BB designs are available for 3–12 and 16 factors.
BB designs are spherical designs because all design points are either on a sphere or at the centre of a sphere. These
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designs are used when there is little or no interest in predicting responses at the extremes, i.e. the corners of the cube
(See Myers and Montgomery, 2002 Section 7.4.7). BB designs are either rotatable (for those with 4 and 7 factors) or
near-rotatable. All BB designs except the ones with 3 and 11 factors can be orthogonally blocked. For an orthogonally
blocked design, the inclusion of blocks does not affect the estimated regression coefficients for the second-order model
in (1), and as such the primary effect of blocking is to potentially reduce the magnitude of the experimental error (See
Box and Hunter, 1957, p. 228). Blocking, however, also reduces the number of degrees of freedom for estimating this
potentially reduced variance.

The concept of rotatability was introduced by Box and Hunter (1957). They called an m-dimensional design rotatable
if the prediction variance at the point (x1, . . . , xm) is a function of �2 = ∑m

i=1x
2
i . That is, the prediction variances are

equal for all points equidistant from the center of the design region. Rotatability, therefore, is a desirable property for
any experimental design. They showed that the following moment conditions are necessary for the n-point SOD to be
rotatable:

(i)
∑

xi = 0,
∑

x3
i = 0,

∑
xixj = 0,

∑
xix

2
j = 0,

∑
xix

3
j = 0,

∑
xixj xk = 0,

∑
xixj x

2
k = 0, and

∑
xixj xkxl = 0

for i �= j �= k �= l;
(ii)

∑
x2
i = const;

(iii)
∑

x4
i = const;

(iv)
∑

x4
i /

∑
x2
i x2

j = 3 for i �= j .

The summations in (i)–(iv) are taken over the n design points. Box and Behnken (1960) used the term near-rotatable
for a class of designs satisfying conditions (i)–(iii) while having

∑
x4
i /

∑
x2
i x2

j � 3 for condition (iv). In this paper,
we use the rotatability measure Q∗ provided by Draper and Pukelsheim (1990) as a measure of how close a design is
to being rotatable.

BB designs and central-composite designs of Box and Wilson (1951) (subject to the appropriate choice of factor
levels) are either rotatable or near-rotatable and can be orthogonally blocked. In addition, they satisfy several goodness
criteria judged as essential for a response surface design (See Box and Draper, 1975, 1987). As such they are very
popular SODs. A search of the term Box–Behnken by the Google search engine for example results in about 26,000
hits on the Internet. Readers who wish to see how BB designs have been used in the last five years in a variety of areas
from biotechnology, chemical engineering to pharmacy are referred to Prvan and Street (2002).

Of the 17 BB designs, 10 were constructed from balanced incomplete block designs (BIBDs) and seven were
constructed from partially BIBDs (PBIBDs). In this paper we show that all seven BB designs constructed from PBIBDs
can be improved in terms of rotatability as well as D- and G-optimality. In addition, we also report new orthogonally
blocked solutions for 5, 8, 9, 11 and 13 factors. An 11-factor BB design is available, but it cannot be orthogonally
blocked.

2. IBD in a nutshell

A relationship exists between certain combinatorial structures and IBDs. Box and Behnken (1958, 1960) exploited
this relationship to construct 3-level SODs while Nguyen (1996) exploited this relationship to construct optimal super-
saturated designs. Because BB designs were constructed from either BIBDs or PBIBDs, we now briefly review some
important IBD concepts.

A (binary) IBD of size (v, k, r) is an arrangement of v treatments in b = vr/k blocks of size k < v such that each
treatment occurs in r blocks and no treatment occurs more than once in any block. An IBD is said to be r/s-resolvable
if it can be divided into s replicate sets (of blocks), each of which is an IBD of size (v, k, r/s). A 1-resolvable IBD
is a resolvable IBD. See Nguyen (1994); John and Williams (1995) and Raghavarao and Padgett (2005) for more
information on IBDs.

Each IBD is associated with its (treatment) concurrence matrix NN ′ = {�ij } with �ii = r , (i = 1, . . . , v) and �ij

(i �= j) is the number of blocks in which both treatments i and j appear. Because
∑

�ij is constant ( = vkr),
∑

�2
ij is

minimized if �ij ’s differ by at most 1. Designs with this property were called regular graph designs (RGDs) by John
and Mitchell (1977) who conjectured that D-, A- and E-optimal designs are also RGDs. Thus, RGDs includes BIBDs
(whose �ij ’s do not differ) and all PBIBDs whose �ij ’s differ by 1. RGD is an important class of IBDs not only because
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it has been conjectured that optimal IBDs are RGDs but also because most IBDs used by researchers in practice such
as those used by Box and Behnken (1958, 1960) are actually RGDs.

3. The Box–Behnken method (Method I)

With the exception of the BB design for 11 factors, all BB designs are formed by superimposing 2-level factorials
onto treatments in each block of a BIBD or a PBIBD. The BB design for 11 factors uses a half fraction of a 25 factorial.
For example, the BB design for 6 factors was constructed by superimposing a 23 factorial onto the corresponding
treatments (0, 1, 2, 3, 4, 5) of the blocks of the following PBIBD of size (6, 3, 3): (0 1 3), (1 2 4), (2 3 5), (3 4 0), (4 5
1), (5 0 2). The concurrence matrix NN ′ of this PBIBD (which is also an RGD) has 3 in the diagonal and either 1 or 2
as off-diagonal elements. The resulting BB design for 6 factors (without centre points) is

±1 ±1 0 ±1 0 0
0 ±1 ±1 0 ±1 0
0 0 ±1 ±1 0 ±1

±1 0 0 ±1 ±1 0
0 ±1 0 0 ±1 ±1

± 1 0 ±1 0 0 ±1

,

where 0 represents a column vector of eight 0’s and (±1 ± 1 ± 1) represents the eight points in a 23 factorial design.
It is not difficult to verify that this SOD is near-rotatable with

∑
x2
i x2

j = 23�ij where the �ij ’s are the elements of

(2). Thus,
∑

x4
i = 24 for �ii = r = 3, and

∑
x2
i x2

j = 8 and 16 for �ij = 1 and 2, respectively, which in turn yields∑
x4
i /

∑
x2
i x2

j = r/�ij = 3 and 3
2 . The rotatability measure Q∗ of this BB design is 0.9905. BB designs for 4 and 7

factors, however, are rotatable (i.e., Q∗ = 1) as they are constructed from a BIBD with r/� = 3.

4. The generalized Box–Behnken method (Method II)

The 6-factor BB design in the previous Section can also be written as

−1 ±1 0 ±1 0 0
0 −1 ±1 0 ±1 0
0 0 −1 ±1 0 ±1

−1 0 0 ±1 ±1 0
0 −1 0 0 ±1 ±1

−1 0 ±1 0 0 ±1
1 ±1 0 ±1 0 0
0 1 ±1 0 ±1 0
0 0 1 ±1 0 ±1
1 0 0 ±1 ±1 0
0 1 0 0 ±1 ±1
1 0 ±1 0 0 ±1

,

where −1, 0 and 1 represents column vectors of four −1’s, 0’s and 1’s, respectively, and (±1 ± 1) represents a
22 factorial. From this observation, we can also say that the above BB design was constructed from the following
6
2 -resolvable IBD of size (6, 3, 6): (0 1 3), (1 2 4), (2 3 5), (3 4 0), (4 5 1), (5 0 2); (0 1 3), (1 2 4), (2 3 5), (3 4 0),
(4 5 1), (5 0 2) where the first treatment in the first replicate set (blocks 1–6) corresponds to a column vector of four
−1’s and the first treatment in the second replicate set (blocks 7–12) corresponds to a column vector of four 1’s while
the second and third treatments in each block correspond to a 22 factorial.

This 6-factor IBD belongs to a class of IBD which we denote as IBD∗. We define IBD∗ or RGD∗ as an r/2-resolvable
IBD or RGD having the property that the number of times the first treatment i in a block (or blocks) concurs with
remaining treatments in the same block(s) of the two replicate sets are equal. For example, in the mentioned IBD∗, we
can see the number of times treatment 0 concurs with treatment 3 in blocks 1–6 equals the number of times treatment 0
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concurs with treatment 3 in blocks 7–12. If this property does not hold, then condition (i) for rotatability will not hold
as some

∑
xix

2
j �= 0.

An IBD∗ of size (v, k, r) can always be formed from two copies of an IBD of size (v, k, r
2 ). However, this is not be

the best way of constructing IBD∗’s unless the original IBD is a BIBD (See Remark 3 in this section). For example,
the above IBD∗ which contains two copies of the RGD of size(6, 3, 3) is not an RGD. Its concurrence matrix NN ′ is

⎛
⎜⎜⎜⎜⎜⎝

6 2 2 4 2 2
2 6 2 2 4 2
2 2 6 2 2 4
4 2 2 6 2 2
2 4 2 2 6 2
2 2 4 2 6 6

⎞
⎟⎟⎟⎟⎟⎠

. (2)

Now, consider the following RGD∗: (1 0 3), (1 4 2), (3 2 5), (3 0 4), (5 4 1), (5 2 0); (1 0 2), (1 4 3), (3 2 4), (3 0 5),
(5 4 0), (5 2 1). Its concurrence matrix NN ′ is

⎛
⎜⎜⎜⎜⎜⎝

6 2 2 3 2 3
2 6 3 2 3 2
2 3 6 2 2 3
3 2 2 6 3 2
2 3 2 3 6 2
3 2 3 2 2 6

⎞
⎟⎟⎟⎟⎟⎠

. (3)

The 6-factor SOD constructed from this RGD∗ is design D636 (cf. http://www.math.montana.edu/∼
jobo/bbd/). It can be seen that block 1 of this RGD∗ is used the construct runs 1–4 of this SOD, etc. This SOD
is near-rotatable with

∑
x2
i x2

j = 22�ij where the �ij ’s are the elements of (4). Thus,
∑

x4
i = 24 for �ii = r = 6 and∑

x2
i x2

j = 8 and 12 for �ij = 2 and 3 yielding
∑

x4
i /

∑
x2
i x2

j = r/�ij = 3 and 2, respectively. The rotatability measure
Q∗ of this SOD is 0.9959 which is superior to 0.9905 of the corresponding BB design.

The method of using an IBD∗ of size (v, k, r) to construct a v-factor SOD in this Section will be referred to as the
generalized Box–Behnken method or Method II. This method consists of the following steps:

1. Construct an (r/2-resolvable) IBD∗ of size (v, k, r).
2. Superimpose a column vector of 2k−1 elements of −1’s onto the first treatment in the blocks of the first replicate

set and a column vector of 2k−1 elements of 1’s onto the first treatment in the blocks of the second replicate set.
3. Superimpose a 2k−1 factorial onto the remaining treatments in each block.
4. Superimpose a column vector of 2k−1 elements of 0’s onto the missing treatments in each block.

As an additional example, design D736 is a 7-factor SOD constructed by Method II from a BIBD∗ of size (7, 3, 6):
(0 2 4), (0 1 3), (0 5 6), (1 2 5), (1 4 6), (2 3 6), (3 4 5); (0 2 5), (0 1 3), (0 4 6), (1 2 4), (1 5 6), (2 3 6), (3 4 5). Like
BB designs, all SODs constructed by Method II are either rotatable or near-rotatable. They are also spherical.

Remarks.
1. A 3-level SOD constructed from an IBD of size (v, k, r) using Method I has 2kb runs such that

∑
x2
i =∑

x4
i =2kr

and
∑

x2
i x2

j = 2k�ij . A 3-level SOD constructed from an IBD∗ of size (v, k, r) using Method II has 2k−1b runs such

that
∑

x2
i = ∑

x4
i = 2k−1r and

∑
x2
i x2

j = 2k−1�ij . As such, the off-diagonal elements of NN ′ of the generating IBDs

used in conjunction with either method will be nonzero. Otherwise, certain
∑

x2
i x2

j will be 0 and the X′X matrix of the

obtained SOD will be singular. Because (X′X)−1 is a function of (NN ′)−1 (See Box and Behnken, 1960, Section 6;
Mee, 2000), an additional necessary condition for these IBDs is for |NN ′| �= 0. For example, the following RGD∗ of
size (8, 4, 6): (2 0 7 4), (5 4 3 6), (5 7 1 0), (2 6 1 5), (3 4 1 2), (3 7 0 6); (3 0 4 1), (5 6 4 0), (2 6 1 0), (2 7 5 4), (3 2 7 6),
(5 3 7 1) fails to construct an 8-factor SOD because its|NN ′| = 0.

2. There is a good reason why it is desirable to restrict ourselves to the RGD class when choosing the IBDs for
constructing SODs with Method II. We conjecture that among all v-factor SODs constructed from IBD∗ of size
(v, k, r) using Method II, the A-, D-, and E-optimal SODs must come from IBD∗’s which are RGDs. If e1, e2, . . . , ep

http://www.math.montana.edu/~jobo/bbd/
http://www.math.montana.edu/~jobo/bbd/
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are the nonzero eigenvalues of X′X of a v-factor SODs constructed from an IBD∗ of size (v, k, r) then tr(X′X)=∑
ei

which is a function of
∑

(
∑

x2
i x2

j ) = 2k−1 ∑
�ij = 2k−1vkr = const. Also, tr(X′X)2 = ∑

e2
i which is a function

of
∑

(
∑

x2
i x2

j )2 = 2k−1 ∑
�2
ij . This quantity is minimized when the IBD is an RGD. We then have a design whose

ei’s are as equal as possible with
∑

ei = const. In a sense, this is an approximation of the A-optimality criterion,
which requires the minimization of

∑
e−1
i , or the D-optimality criterion, which requires the maximization of �e−1

i

(Kiefer, 1959).
3. The concurrence matrix of an IBD made up by two copies of another IBD with concurrence matrix NN ′ is 2NN ′.

This means that although an IBD composed of two copies of a BIBD is also a BIBD, an IBD made up by two copies
of an RGD with two distinct concurrences is not necessarily an RGD. This explains why we could improve all seven
BB designs constructed from PBIBDs (These PBIBDs are RGDs with two distinct concurrences).

4. RGD∗’s of a particular size are not always available. We have not been able to find RGD∗’s of sizes (5, 3, 6),
(9, 4, 8), (14, 4, 8) and (15, 4, 8).

5. New SODs

The new SODs are listed at http://www.math.montana.edu/∼jobo/bbd/. The generator of each new
SOD consists of three numbers which correspond to the three parameters of the generating IBD∗ of size (v, k, r). Except
for two SODs (D934 and D1645), the number of center points n0 added to each new SOD is the number recommended
by Box and Behnken (1958, 1960). New SODs belong to three categories: (i) those obtained from BIBDs; (ii) those
obtained from IBD∗ of block size 3; and (iii) those obtained from IBD∗ of block size 4.

A k × k balanced lattice is a resolvable BIBD of size (k2, k, k + 1) with � = 1. The BB design for 4 ( = 22) factors
was constructed using Method I on a 2 × 2 balanced lattice (0 1), (2 3); (0 3), (1 2); (0 2), (1 3). Similarly, new SODs
for k2 factors can be constructed from a k × k balanced lattice where k = 3, 4, 5, 7 and 9. The resulting SOD has∑

x4
i =2k(k +1) and

∑
x2
i x2

j =2k�=2k where �=1. Thus,
∑

x4
i /

∑
x2
i x2

j =k +1. Method I can be used to generate
9- and 16-factor SODs (D934 and D1645) from k × k balanced lattices for k = 3 and 4. Method I can also be used to
generate a 13-factor SOD (D1344) from a BIBD of size (13, 4, 4). This 13-factor SOD and designs D934 and D1645
were also reported independently by Crosier (1991) and Mee (2000), respectively.

In the previous Section, Method II was used with IBD∗’s of block size 3 to generate the new 6- and 7-factor SODs
(D636 and D736). This method can also be used with other IBD∗’s of block size 3 to generate new SODs for 5 and 8
factors (D536, D8312 and D8318).

Method II can also be used with IBD∗’s of block size 4 to generate new SODs for 8–12 factors (D848, D948, D1048,
D1148 and D1248).

6. Orthogonal blocking of BB designs and new SODs

The requirements of orthogonal blocking of experimental designs have been given in Box and Hunter (1957) and
Nguyen (2001). Box and Behnken (1960) listed situations where orthogonal blocking is possible for SODs constructed
by Method I:

(i) where replicate sets can be found in the generating IBD. SODs constructed from k × k balanced lattices fall into
this category. For example, each replicate of the 2 × 2 balanced lattice (0 1), (2 3); (0 3), (1 2); (0 2), (1 3) which
was used to construct the 4-factor BB design forms an orthogonal block;

(ii) where the component 23 or 24 factorial can be divided into two orthogonal blocks by confounding the highest
order interaction;

(iii) where both (i) and (ii) apply. For example, the 3 × 3 balanced lattice used to construct D934 has four replicates.
Each replicate can be divided into two orthogonal blocks. Thus this SOD can be divided into eight orthogonal
blocks. Similarly, D1645 has five replicates. Each replicate can be divided into two orthogonal blocks. Thus, this
SOD can be divided into 10 orthogonal blocks.

The above guidelines apply with all new SODs constructed by Method I (i.e. D934, D1344 and D1645). They do not
apply to new SODs generated from IBD∗ of block size 3 by Method II (i.e. D536, D636, D736, D8312 and D8318). The

http://www.math.montana.edu/~jobo/bbd/
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D536, D636 and D736, however, can be blocked into two orthogonal blocks by the CUT algorithm of Nguyen (2001)
(cf. http://designcomputing.net/gendex/cut/). The following is the D636 (without center points) in
two orthogonal blocks of 24 points (arranged vertically):

0 0 0 0 0 0 0 0 0 0 0 0 −1 1 1 1 1 1 −1 1 −1 −1 −1 −1
0 0 0 0 −1 1 −1 −1 −1 1 1 1 0 0 0 0 0 0 0 0 1 1 −1 −1

−1−1 −1 −1 0 0 0 0 1 1 −1 1 0 0 0 0 0 0 1 1 0 0 −1 1
1 1 −1 −1 0 0 −1 1 0 0 0 0 0 0 −1 −1 1 1 0 0 −1 1 0 0
0 0 −1 1 −1 −1 1 1 0 0 1 1 −1 −1 0 0 −1 1 0 0 0 0 0 0
1−1 0 0 1 1 0 0 −1 −1 0 0 −1 −1 1 −1 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −1 1 −1 −1 −1 −1 −1 1 1 1 1 1
0 0 0 0 −1 1 −1 −1 −1 1 1 1 0 0 0 0 0 0 0 0 1 1 −1 −1
1 1 1 1 0 0 0 0 −1 −1 −1 1 0 0 0 0 0 0 −1 −1 0 0 −1 1
1 1 −1 −1 0 0 −1 1 0 0 0 0 0 0 −1 −1 1 1 0 0 −1 1 0 0
0 0 −1 1 1 1 −1 −1 0 0 −1 −1 1 1 0 0 −1 1 0 0 0 0 0 0
1−1 0 0 1 1 0 0 −1 −1 0 0 −1 −1 1 −1 0 0 1 1 0 0 0 0

The method of blocking SODs generated from IBD∗’s of block size 4 (i.e. D848, D948, D1048, D1148 and D1248)
can be explained by an example. Consider design D1148 which contains the following eight design points (generated
by block (6 9 0 4)):

−1 0 0 0 −1 0 −1 0 0 −1 0
−1 0 0 0 −1 0 −1 0 0 1 0
−1 0 0 0 1 0 −1 0 0 −1 0
−1 0 0 0 1 0 −1 0 0 1 0

1 0 0 0 −1 0 −1 0 0 −1 0
1 0 0 0 −1 0 −1 0 0 1 0
1 0 0 0 1 0 −1 0 0 −1 0
1 0 0 0 1 0 −1 0 0 1 0

.

Points 1, 4, 6 and 7 include a half fraction of a 23 factorial for factors 1, 5 and 10 (obtained by confounding the 3-factor
interaction). The remaining four points include the other half-fraction. We can assign the former to the first block and
the latter to the second block.

7. Discussion

Table 1 summarizes information on the generation of IBDs and contains a comparison of BB designs to the corre-
sponding new SODs on a sphere of radius 1 in terms of the following measure of goodness:

(i) Q∗, the rotatability measure. Q∗ is an R2 statistic for the regression of the second and fourth-order design moments
of the moment matrix M = X′X/n onto the corresponding moments for a hypothetical rotatable SOD. Thus, if
a SOD is rotatable, then Q∗ = 1, while if the SOD is near-rotatable, then Q∗ will be close to 1. Analogously,
as rotatability properties become poorer, Q∗ will approach 0. The calculation of Q∗ is described in Draper and
Pukelsheim (1990). Q∗ is unchanged when one or more center points are added to the design. Khuri and Cornell
(1996) Section 12.5 reviews other measures of rotatability.

(ii) |M| where M is the moment matrix and the associated D-efficiency D-eff = 100(|M|1/p)/n where p is the
number of model parameters.

(iii) G-efficiency=100p/dmax, where d is the scaled prediction variance at the point (x1, . . . , xm) calculated as d =
x′M−1x. Note that the unscaled prediction variance at point x is d�2/n. Our dmax is calculated not over the
entire design space � but over the union of two sets A ∪ B where A is the set of 3m points (x1, . . . , xm) such
that xi = 0, ±1/

√
m for i = 1 . . . , m and B is the set of points (x1, . . . , xm) on the surface of the m-dimensional

http://designcomputing.net/gendex/cut/
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Table 1
Comparing BB designs and new SODs

m p Design (v, k, r) r/�ij n + n0 Q∗ |M| D-eff G-eff APV

5 21 BB (5, 2, 4) 4(10) 40 + 6 0.9974 1.54E-27 77.30 83.00 14.97
D536 (5, 3, 6) 3(2) 2(6) 3

2 (2) 40 + 6 0.9911 4.68E-28 73.04 43.48 17.60
6 28 BBc (6, 3, 3) 3(12) 3

2 (3) 48 + 6 0.9905 2.67E-41 76.73 62.22 22.46
D636 (6, 3, 6) 3(9) 2(6) 48 + 6 0.9959 5.95E-41 78.95 70.71 21.27

7 36 BB (7, 3, 3) 3(21) 56 + 6 1.0000 7.98E-57 83.88 92.90 26.59
D736 (7, 3, 6) 3(21) 56 + 6 1.0000 7.98E-57 83.23 92.90 26.59

8 45 D8312a (8, 3, 12) 4(16) 3(12) 128 + 8 0.9983 5.64E-76 85.76 91.08 34.18
D848 (8, 4, 8) 8

3 (16) 2(12) 128 + 8 0.9974 3.71E-76 84.97 69.43 34.90
BBb,c (8, 3, 9) 9

2 (12) 3(16) 192 + 16 0.9974 2.07E-76 83.88 71.01 35.27
D8318a (8, 3, 18) 18

5 (24) 3(4) 192 + 16 0.9993 4.26E-76 85.23 90.50 34.11
9 55 BBc (9, 3, 5) 5(27) 5

2 (9) 120 + 10 0.9924 7.25E-100 82.24 78.11 46.44
D934 (9, 3, 4) 4(36) 96 + 8 0.9985 6.50E-99 85.59 87.53 43.27
BBb,c (9, 4, 4) 4(18) 2(18) 144 + 10 0.9927 2.24E-101 77.20 16.81 78.40
D948 (9, 4, 8) 4(4) 8

3 (28) 2(4) 144 + 10 0.9982 7.84E-99 85.88 65.93 43.59
10 66 BBc (10, 4, 4) 4(30) 2(15) 160 + 10 0.9928 3.64E-126 82.72 65.39 58.99

D1048 (10, 4, 8) 4(15) 8
3 (30) 160 + 10 0.9982 9.87E-125 86.96 76.39 53.25

11 78 BBa (11, 5, 5) 5
2 (55) 176 + 12 0.9996 7.48E-154 88.32 76.60 62.84

D1148 (11, 4, 8) 4(33) 8
3 (22) 176 + 12 0.9977 1.93E-154 86.80 77.20 64.93

12 91 BBb (12, 4, 4) 4(60) 2(6) 192 + 12 0.9962 1.51E-187 86.97 84.80 77.45
D1248 (12, 4, 8) 4(54) 8

3 (12) 192 + 12 0.9980 4.38E-187 87.99 84.80 76.07
13 105 D1344 (13, 4, 4) 4(78) 208 + 12 0.9990 5.10E-223 89.47 90.25 87.50
16 153 BBb (16, 4, 6) 6(96) 3(24) 384 + 12 0.9935 1.80E-356 87.39 82.88 142.45

D1645 (16, 4, 5) 5(120) 320 + 10 0.9974 6.54E-354 90.82 88.84 133.10

aThese designs cannot be orthogonally blocked.
bThese two BB designs are from Box and Behnken (1958).
cThese seven BB designs (constructed from PBIBDs) have been improved by new designs in terms of Q∗, |M| and G-efficiency.

sphere such that i coordinates are 0 and the remaining m− i coordinates are ±1/
√

m − i. If the design space was
a hypercube, it would be sufficient to just consider the factorial points in set A because the points in A support an
optimal design (Lucas, 1976). However, because the design space is spherical, the points in A do not necessarily
support an optimum design. Thus, the maximum scaled prediction variance may very likely occur at a point on
the surface of the sphere not contained in set A. This is the reason for searching for the maximum of d over set
B whose points all lie on the spherical surface.

(iv) APV=the average scaled prediction variance. That is,APV is the average of d over all points in the unit sphere. The
calculation of each APV involves numerical evaluation of the appropriate multiple integral involving conversion
to hyperspherical coordinates (see Borkowski, 1995a, 1995b, 2003).

As all Q∗ values in Table 1 seem so close to 1, it is difficult to see an improvement represented by raising Q∗ say
from 0.9905 to 0.9959. Fig. 1 provides graphs showing the volatility of the (scaled) prediction variances of selected
BB designs and new SODs. Each graph is a plot of the radii of 2000 random points in the m-dimensional unit sphere
versus their scaled prediction variances. The sample average prediction variances (SAPVs) calculated from these 2000
points are also displayed in Fig. 1. This Monte Carlo method has been suggested by Borkowski (2003) to estimate the
exact evaluation of the APV values for response surface designs on the hypercube. As expected, the SAPVs are very
close to the exact APV values given in Table 1.

The Monte Carlo method is also useful for graphically studying the rotatability properties of a design. Specifically,
the graph of a more rotatable design will be less volatile than the graph of a less rotatable design. Naturally, the graph
of a rotatable design is simply a curve because the prediction variance is constant for any radius. Superimposed in all
plots in Fig. 1 are the variance dispersion graphs (VDGs) for the minimum and maximum scaled prediction variances
associated with each radius value. The VDGs, therefore, provide upper and lower bounds for the volatility of the scaled
prediction variances. For more information on VDGs, see Giovannitti-Jensen and Myers (1989), Vining and Myers
(1991), Borkowski (1995b), and Borkowski (2006). Let Sm denote the m-dimensional unit sphere. Then, the proportion
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of the volume of Sm contained in the subsphere of radius � (0���1) is simply �m. Thus, for m = 12, we would
expect 99% (99.9%) of randomly generated spherical points to have � > .68(.56), and for m = 16, we would expect
99% (99.9%) of randomly generated spherical points to have � > .75(.65). This is reflected in the 12- and 16-factor
volatility plots in Fig. 1. Having the VDGs provides information regarding the bounds for the smaller radii which were
not observed in the random samples of 2000 points.
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Fig. 1. Graphs showing the minimum, maximum, and volatility of prediction variances of some BB Designs and new SODs.
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Fig. 1. (continued).

It can be seen from Table 1 and Fig. 1 that D636, D8318, D934, D948, D1048, D1248 and D1645 are better than
the corresponding BB designs (those constructed from PBIBDs) in terms of rotatability as well as APV, D- and G-
efficiency. Readers who wish to see a comparison of BB designs and other SODs for a spherical region are referred to
Table 1 of Lucas (1976).
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9-Factor BB Design: SAPV=46.58 Design D934: SAPV=43.23
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Fig. 1. (continued).

It can also be seen from Table 1 that the Q∗ value of the generated SOD is close to 1 if the r/�ij values of the
generating IBD is close to 3 and becomes 1 if all r/�ij values become 3 as in the case of the 7-factor BB design and
D736. SODs generated from IBDs with high value of r/�ij (which happens when k is small relative to v) such as the
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5-factor BB design, D934, D1344 and D1645 should be used with caution. The following table gives the distribution
of factor levels of each pair of factors for these four designs.

These distributions are highly uneven because of the high proportion of 0’s for each factor. Therefore, experimenters
should only consider these four designs when studying factor interactions is not critical. Alternatives to the 5-factor
BB design, D934, D1344 and D1645 that experimenters might consider are D536 (despite its lower Q∗ comparing to
the 5-factor BB design), D948 and the 13 and 16-factor SODs (constructed from symmetric RGDs of block size 5) in
Table 4 of Mee (2000).

8. Concluding remarks

This paper reports 13 new SODs for 5-16 factors. Eleven of 13 new SODs (including the one for 11 factors) can be
orthogonally blocked. All seven BB designs constructed by PBIBDs (See Table 1) have been improved by new SODs
with respect to rotatability as well as APV, D- and G-efficiency. Both new SODs and BB designs share a number of
goodness properties considered desirable for a response surface design such as requiring only a minimum number of
levels for each factor, having simple data patterns, being rotatable or near-rotatable, ability to be orthogonally blocked,
ensuring simplicity of calculation, etc. (See Box and Draper, 1975, 1987). While simplicity of calculation is not vital
with modern computers, it leads to simplicity in the interpretation of results, which is highly desirable for practitioners.

Eleven of the 13 new SODs and all BB designs except the one for 11-factor can be orthogonally blocked. When
orthogonal blocking is not critical such as the case of experiments on computer models which involve a large number
of factors, experimenters are encouraged to use to BB designs for 11 factors and other BB-type designs in Table 4 of
Mee (2000). This author used a 25−1 fraction in conjunction with symmetric RGDs of block size 5.

Method II which was used to generate most of the new SODs is quite general and may be used to generate SODs
for other numbers of factors and run sizes. The RGD∗ of size (6, 4, 8), (7, 4, 8) and (8, 4, 10) we obtained can be used
to generate additional SODs. Naturally, these SODs require more runs than D636, D736 and D848.

In this paper, we have partially investigated the use of IBDs in SOD construction. We anticipate the need for additional
research to study:

(i) the properties of RGD∗’s and their method of construction, combinatorially as well as algorithmically. The question
on the existence of RGD∗’s of size (v, k, r) with r < 2k and |NN ′| �= 0 remains unanswered.

(ii) the use of un-equireplicated IBDs in SOD construction. The RGD∗ of size (8, 4, 6) whose |NN ′| = 0 in Remark
1 of Section 4 can in fact be augmented with an additional block (0 2 3 5). The resulting IBD has |NN ′| �= 0 and
still has two distinct concurrences. One might construct a SOD from the mentioned RGD∗ by Method II and add
to this SOD 16 runs which correspond to the additional block.

(iii) the use of fractional factorial with RGD∗’s in SOD construction. Note that a 24−1 fraction with a BIBD∗ of size
(11, 5, 10), which consists of two copies of the BIBD of size (11, 5, 5), will result in the 11-factor BB design.

(iv) the relationship between IBDs of unequal block size and other SODs. It can easily been seen that the augmented
pair design for 5-factor in Table 1 of Morris (2000) is associated with the following IBD: (3), (0 1), (0 4), (1 2),
(2 4), (0 2 3) and (1 2 4). This IBD has r = 3 and �ij = 1.

All BB design and new SODs in Table 1 (and their generating IBDs) are listed at http://www.math.montana.
edu/∼jobo/bbd/.

http://www.math.montana.edu/~jobo/bbd/
http://www.math.montana.edu/~jobo/bbd/
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