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A B S T R A C T

Saturated designs (SDs) and supersaturated designs (SSDs) are designs used at the primary stage of investigations
when the number of factors equals or exceeds the number of runs. As many factors in science and engineering are
quantitative, this paper discusses an algorithm for constructing 3-level SDs and SSDs using cyclic generators. The
E s( )2 -lower bound and examples illustrating the use of these designs are given.

1. Introduction

Many factors in science or engineering experiments are quantitative.
Despite this fact, most screening designs for these experiments are 2-
level designs such as Plackett-Burman designs (1946) or resolution III
and IV fractional factorial designs. The 3-level screening designs called
definitive screening designs (DSDs) of Jones & Nachtsheim [8] seem
more appropriate for these experiments. Unfortunately, as the number
of runs in an m-factor DSDs are either m2 + 1 for even m or

m2( + 1) + 1 for odd m, when m is large, the budget for the experiment
might not allow the required number of runs.

Phan [13] described an experiment on the robustness of a pharma-
ceutical experiment with 35 factors: (1) change of pyridine ±5%, (2)
addition temperature ±3 °C, (3) reaction temperature ±3%, (4) reaction
time 90–15 min, (5) addition H O2 120–140 min, (6) charge acetone
±5%, etc. (35) drying 45 ± 5 °C. In the same paper, Phan [13]
mentioned a chemical experiment with 82 factors. In this paper, we
assume that the factors of both experiments are quantitative.

If the factors of the two experiments in the previous paragraphs are
2-level ones, a 2-level saturated design (SD) such as the Plackett-
Burman design for 35 factors and 36 runs is a good candidate for the
first experiment and a 2-level supersaturated design (SSD) for 82 factors
in 42 runs is a good candidate for the second experiment. The 2-level
SSDs were introduced by Booth & Cox [2], studied further by Lin [10],
Wu [15], Nguyen [11] and other authors (See Gilmour [6], Georgiou,
[5]). The mixed-level SSDs were introduced by Yamaha & Lin [17],

Yamaha et al. [18], Fang et al. [4], Croguennoc [1], Claeys-Bruno et al.
[3] and other authors (See Georgiou, [5]). The mixed-level SSDs in
these work are aimed at designs with categorical factors and might not
be suitable to experiments with quantitative factors such as the ones in
the previous paragraph.

This paper discusses an algorithm for constructing 3-level SDs and
SSDs using cyclic generators. Section 2 explains the criteria we use for
comparing 3-level SDs and SSDs. Section 3 shows how the 3-level SDs
and SSDs can be generated from the cyclic generators and discusses a
general algorithm for constructing 3-level SDs and SSDs using cyclic
generators. Section 4 provides a catalog of SDs and SSDs for up to 30
runs and the design solutions for the two experiments mentioned in this
Section. The last Section is our Conclusion.

2. Criteria for comparing 3-level SDs and SSDs

Let sij be the element in the ith row and jth column of X X′ where
Xn m× is a design matrix of n rows (runs) and m columns (factors). These
factors are either quantitative at three levels denoted by−1, 0 and +1 or
qualitative (or categorical) at two levels denoted by −1 and +1. Let's
assume that the design is balanced, i.e. each column of X has the same
number of± 1's. Let E s s( ) = ∑ /( )i j ij

m2
<

2
2 . Booth & Cox [2] proposed the

minimization of E s( )2 as a criterion for comparing 2-level SSDs. In this
paper, we will extend the use of this criterion for comparing 3-level SDs
and SSDs.

Making use of the fact X X′ and XX′ share the same set of nonzero
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eigenvalues λ λ, , …1 2 , Nguyen [11] showed that the minimization of
s∑ /( )i j ij

m
<

2
2 , which is equivalent to the minimization of λ∑ i

2 with
λ mn∑ =i (=const.), is an approximation of the A-optimality criterion,

which requires the minimization of λ∑ i
−1, or the D-optimization

criterion, which requires the maximization of Πλi.
As the sum of each column of X is 0, the sum of the elements of XX′

is 0 (See Fig. 1a and Fig. 1b). This means the sum of the off-diagonal
elements of XX′ is equal to a constant C where C− is the sum of the
diagonal elements of XX′ (or the number of ±1 in the rows or columns
of X). The sum of squares (SS) of the elements of XX′ (or X X′ ) will
reach its minimum when each element of the diagonal of XX′ becomes
x = C

n n( − 1) if C is divisible by n n( − 1) as in Fig. 2a or takes two values
⎢⎣ ⎥⎦x = C

n n( − 1) and x + 1 as in Fig. 2b (See the proof in the Appendix). In

this paper, we make use of this fact to derive the lower-bound for E s( )2

for designs with n=t and m=rt and n t= + 1 and m=rt (See the Eqs.
(4) and (5)).

A secondary criterion we use for comparing the constructed 3-level
SDs and SSDs is the rmax criterion. rmax is the maximum correlation in
terms of absolute value between any two columns of X. Of the two
designs of the same E s( )2 , the one with the smaller rmax will be selected.
Note that rmax of both SSDs in Fig. 1 are 0.5. Clearly, SSDs with r > 0.5max
are less usable. Please note that the two small SSDs in Fig. 1 are used for
illustration purpose only and not advisable for use in practice.

3. A general algorithm for constructing SDs and SSDs from cyclic
generators

SDs and SSDs can be generated from cyclic generators. The
generated SDs or SSDs can be either 2-level or 3-level. The idea of

using cyclic generators to generate designs is not new. The Plackett-
Burman designs (Plackett & Burman, [14]) and the SSDs in Table 1 of
Nguyen [11] are examples of 2-level SDs and SSDs constructed by cyclic
generators. Other types of designs which can be constructed by cyclic
generators include the conference matrices for use in the construction
of definitive screening designs (See Jones & Nachtsheim, [9]; Xiao,
et al., [16]; Nguyen & Stylianou, [12]) and various type of cyclic
incomplete block designs (John &Williams, [7]). In the following, we
will show some properties of circulant matrices.

Let a circulant matrix C be generated by a generating vector
c c cc = ( , , …, )t0 1 −1 of length t as follows:

⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟

c c c
c c c

c c c

⋯
⋯

⋱ ⋱ ⋱ ⋱
⋯

.
t

t t

0 −1 1

1 0 2

−1 −2 0 (1)

It can be seen that the matrix CC′ is circulant with the generating
vector a a aa = ( , , …, )t0 1 −1 , where a c c= ∑k j

t
j j k t=0

−1
( + ) mod .

Now, let the matrix C be partitioned as C C C( | |⋯| )r1 2 where each Ci is
a circulant matrix generated by a generating vector ci of length
t i r( = 1, 2, …, ). The element ak of a can now be computed as:

∑ ∑a c c= ,k
i

r

j

t

ij i j k t
=1 =0

−1

( + ) mod
(2)

where cij is the jth element of the generating vector ci.
As an example let us study the SSD in Fig. 1b which was generated

by two generating vectors ( − 1 − 10 − 1011) and (1 − 10 − 110 − 1).
Using (2), we can compute vector a as (10, − 2, − 1, − 1, − 1, − 1, − 2).

The following steps are used to construct 3-level SDs and SSDs from
cyclic generators based on the previous results:

Fig. 1. Two E s( )2 -optimal SSDs for 14 factors. The SSD in (a) is from Nguyen (1996).

Fig. 2. (a) The XX′ matrix of the SSD in Fig. 1a. (b) The XX′ matrix of the SSD in Fig. 1b.
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1. Generate r initial vectors ci 's, i r( = 1, …, ) of length t. Set the first
t0 elements of each array to 0. Randomize the ±1 and 0 in each array.
Calculate the elements of array a using (2) and f a= ∑k

t
k=1

−1 2.
2. For vector i rc ( = 1, …, )i , repeat searching for a pair of elements

of this vector which have different values such that swapping the
positions of these two elements will result in the biggest reduction in f
(due to the change in vector a). If the search is successful, update f,
vectors ci 's and a. If f cannot be reduced further, go to the next vector.

In our algorithm, step 2 is repeated until the elements of a other
than a0 have the same values or differ at most by 1.

Remarks.
1. The initial vectors are given as ( − 1, 1, − 1, …) for odd t and as

(1, − 1, 1, …) for even t.
2. If t t− 0 is odd, a row of 1's is augmented to the generated design

to make it balance (See the designs in Fig. 1). In most cases, this
augmentation does not distort the E s( )2 -optimality of the design.

3. Among several candidate E s( )2 -optimal designs generated by the

above algorithm, the one with the smallest rmax will be chosen.
4. Our interchange algorithm is closely allied to the NOA algorithm

discussed in Nguyen [11]. The main difference between the two
algorithms is that while in the NOA algorithm, the interchange is made
in each of the m rt( = ) columns of the X matrix, in our algorithm, the
interchange is made in each of the r generating vectors and as the
result, our algorithm is much faster.

Fig. 3 shows two steps of the algorithm for constructing an SSD for 14
factors in eight runs. Step 1 corresponds to Fig. 3a in which two initial
vectors c1 and c2 were constructed. Step 2 corresponds to Fig. 3b and
Fig. 3c in which the positions of some elements of these vectors were
interchanged. The vector a and f value correspond to the two vectors in
Fig. 3a are (10, 0, 1, − 5, − 5, 1, 0) and 52 respectively. In Fig. 3b, the
two elements of c1 in the first and third positions swap their position. The
resulting vector a and f value are (10, − 2, 0, − 2, − 2, 0, − 2) and 16
respectively. In Fig. 3c, the two elements of c2 in the first and third
positions swap their position. The resulting vector a and f value are

Table 1
E s( )2 and rmax of SDs and SSDs generated from one vector.

t t/ 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15

5 0.50
0.25

6 1.20 0.60
0.50 0.25

7 0.33 1.33
0.17 0.50

8 1.43 0.43 0.86
0.33 0.17 0.50

9 0.25 1.25 0.50
0.13 0.33 0.17

10 1.56 0.33 0.67 0.78
0.25 0.13 0.17 0.17

11 1.00 1.20 0.40 0.60
0.20 0.25 0.13 0.17

12 1.64 0.45 0.91 0.45 0.73
0.20 0.10 0.25 0.13 0.33

13 0.17 1.50 0.33 1.00 0.50
0.08 0.20 0.10 0.25 0.13

14 1.69 0.54 0.92 0.69 0.62 0.54
0.17 0.08 0.20 0.10 0.13 0.13

15 0.71 1.43 0.29 1.00 0.43 0.57
0.14 0.17 0.08 0.20 0.10 0.13

16 2.80 0.60 0.93 0.47 0.80 0.47 0.53
0.14 0.07 0.17 0.08 0.20 0.10 0.13

17 1.13 0.88 0.50 1.00 0.38 0.62 0.50
0.13 0.07 0.07 0.17 0.08 0.10 0.10

18 1.76 0.65 1.18 0.53 0.82 0.41 0.71 0.53
0.13 0.06 0.14 0.07 0.17 0.08 0.20 0.10

19 1.00 1.11 0.22 1.22 0.33 0.67 0.44 0.56
0.11 0.13 0.06 0.14 0.07 0.08 0.08 0.10

20 1.79 0.68 1.47 0.58 0.84 0.47 0.84 0.47 0.53
0.11 0.06 0.13 0.06 0.14 0.07 0.17 0.08 0.10

21 0.50 1.90 0.40 1.00 0.30 0.90 0.40 0.60 0.50
0.10 0.17 0.11 0.13 0.06 0.14 0.07 0.08 0.08

22 2.19 0.71 1.43 0.62 0.86 0.52 0.67 0.43 0.57 0.52
0.10 0.05 0.11 0.06 0.13 0.06 0.07 0.07 0.08 0.08

23 0.82 1.82 0.55 1.00 0.45 0.91 0.36 0.64 0.45 0.55
0.09 0.15 0.05 0.11 0.06 0.13 0.06 0.07 0.07 0.08

24 2.17 0.74 1.22 0.65 0.96 0.30 0.78 0.39 0.70 0.48 0.61
0.09 0.05 0.10 0.05 0.11 0.06 0.13 0.06 0.14 0.07 0.17

25 1.08 1.75 0.67 1.33 0.42 0.92 0.50 0.67 0.42 0.58 0.50
0.08 0.14 0.09 0.10 0.05 0.11 0.06 0.06 0.06 0.07 0.07

26 2.48 1.08 1.60 0.44 1.12 0.28 0.88 0.44 0.64 0.44 0.56 0.52
0.08 0.08 0.09 0.05 0.10 0.05 0.06 0.06 0.06 0.06 0.07 0.07

27 1.31 1.69 0.62 1.31 0.54 1.08 0.31 0.85 0.38 0.62 0.46 0.69
0.08 0.13 0.08 0.09 0.05 0.10 0.05 0.06 0.06 0.06 0.06 0.07

28 2.44 0.78 1.63 0.48 1.33 0.41 1.04 0.41 0.81 0.48 0.59 0.48 0.52
0.15 0.04 0.08 0.04 0.09 0.05 0.10 0.05 0.06 0.06 0.06 0.06 0.07

29 1.21 1.93 0.29 1.29 0.50 1.07 0.43 0.71 0.36 0.64 0.43 0.57 0.50
0.07 0.12 0.04 0.08 0.04 0.09 0.05 0.05 0.05 0.06 0.06 0.06 0.06

30 2.41 1.07 1.66 0.59 1.24 0.52 1.03 0.52 0.69 0.38 0.62 0.45 0.55 0.52
0.07 0.07 0.08 0.08 0.08 0.04 0.09 0.05 0.05 0.05 0.06 0.06 0.06 0.06
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(10, − 2, − 1, − 1, − 1, −1, − 2) and 12 respectively. After this swap, f
cannot be reduced further and the algorithm stops. As mentioned in the
second remark, in this example a row of 1's is augmented to the generated
design to make it balanced as shown in Fig. 1b.

4. Results and discussion

Table 1 and 2 display the E s( )2 and rmax values of designs for various
values of t and t0 (the number of 0's in each vector of length t). t0 takes
values between 2 and⌊ ⌋t

2 . For designs in Table 1, the number of factors
is t and the number of runs is either t for even t t− 0 or t + 1 for odd
t t− 0 and the design becomes saturated. For SSDs in Table 2, the
number of factors is t2 and the number of runs is either t for even t t− 0
or t + 1 for odd t t− 0.

In Table 1 and 2, designs whose E s( )2 's are optimal are printed in
bold. It can be seen that for both tables, the E s( )2 -lower bound values
for each t decreases when t0 increases. The relative efficiencies of
E s( )2 -optimal designs if they exist, compared to designs which are not
E s( )2 -optimal in Table 2 are less than 120%. The rmax value of each
design in Table 1 and 2 is printed in italics. Most designs in Table 1
have very small rmax. The largest rmax in both tables is 0.5. Although this
paper only presents designs with r=1 and 2, the algorithm can also

Fig. 3. Two steps of the algorithm.

Table 2
E s( )2 and rmax of SSDs generated from two vectors.

t t/ 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15

5 2.00
0.50

6 2.18 1.91
0.75 0.50

7 2.92 1.69
0.50 0.50

8 3.33 2.60 1.47
0.67 0.50 0.50

9 3.88 2.71 2.35
0.38 0.50 0.50

10 4.16 3.53 2.37 2.16
0.50 0.50 0.50 0.50

11 4.86 3.71 3.24 2.10
0.40 0.38 0.38 0.50

12 5.17 4.48 3.35 3.04 1.91
0.40 0.40 0.38 0.38 0.33

13 5.84 4.72 4.16 3.04 2.80
0.33 0.40 0.30 0.38 0.50

14 6.30 5.44 4.33 3.89 2.78 2.70
0.33 0.33 0.40 0.30 0.38 0.38

15 6.83 5.72 5.10 4.00 3.66 2.55
0.29 0.33 0.33 0.30 0.30 0.38

16 7.19 6.42 5.32 4.81 3.71 3.45 2.39
0.43 0.29 0.33 0.33 0.30 0.30 0.38

17 7.82 6.73 6.06 4.97 4.55 3.45 3.27
0.31 0.36 0.29 0.33 0.25 0.30 0.40

18 8.20 7.40 6.31 5.74 4.66 4.31 3.23 3.14
0.38 0.31 0.29 0.29 0.33 0.33 0.30 0.40

19 8.81 7.73 7.03 5.95 5.46 4.38 4.11 3.03
0.28 0.31 0.31 0.29 0.29 0.33 0.25 0.30

20 9.21 8.38 7.31 6.69 5.62 5.21 4.13 3.95 2.85
0.33 0.28 0.31 0.31 0.29 0.29 0.33 0.25 0.30

21 9.80 8.73 8.00 6.93 6.39 5.32 4.98 3.90 3.76
0.30 0.28 0.28 0.31 0.31 0.29 0.29 0.33 0.50

22 10.28 9.37 8.30 7.65 6.58 6.12 5.05 4.77 3.72 3.65
0.30 0.30 0.33 0.28 0.31 0.25 0.29 0.29 0.25 0.33

23 10.80 9.73 8.98 7.91 7.33 6.27 5.87 4.80 4.58 3.51
0.27 0.35 0.30 0.28 0.28 0.25 0.25 0.29 0.29 0.25

24 11.28 10.36 9.30 8.62 7.55 7.04 5.98 5.64 4.57 4.40 3.38
0.27 0.41 0.35 0.30 0.33 0.33 0.31 0.31 0.29 0.29 0.25

25 11.8 10.73 9.96 8.90 8.29 7.22 6.78 5.71 5.43 4.37 4.24
0.25 0.32 0.32 0.25 0.25 0.28 0.28 0.25 0.31 0.29 0.43

26 12.27 11.35 12.09 9.59 8.53 7.98 6.92 6.53 5.47 5.24 4.18 4.10
0.33 0.38 0.36 0.32 0.30 0.30 0.28 0.28 0.25 0.31 0.29 0.36

27 12.79 11.74 10.94 9.89 9.25 8.19 7.70 6.64 6.30 5.25 5.06 4.00
0.31 0.29 0.29 0.27 0.27 0.30 0.25 0.28 0.28 0.31 0.31 0.29

28 13.22 12.35 11.29 10.56 9.51 8.93 7.87 7.44 6.38 6.09 5.04 4.91 3.87
0.38 0.35 0.33 0.33 0.32 0.32 0.30 0.25 0.28 0.33 0.31 0.25 0.29

29 13.79 12.74 11.93 10.88 10.21 9.16 8.63 7.58 7.19 6.14 5.89 4.84 4.74
0.29 0.27 0.38 0.29 0.29 0.27 0.27 0.30 0.30 0.28 0.33 0.31 0.38

30 14.27 13.37 12.29 11.54 10.49 9.88 8.83 8.36 7.31 6.97 5.92 5.71 4.66 4.63
0.36 0.32 0.38 0.35 0.33 0.33 0.32 0.41 0.30 0.35 0.33 0.33 0.31 0.31
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generate designs with larger r. Note that designs with larger r might not
be very useful as they have much higher rmax.

Fig. 4 displays the E s( )2 -optimal SD for m=35, n=36 and
r = 0.0417max recommended for the first experiment in the Introduction.
This SD is constructed from a vector of length 35 with 12 0's. Fig. 5
displays the E s( )2 -optimal SSD for m=82, n=41 and r = 0.3214max
recommended for the second experiment in the Introduction. This SSD
is constructed from a vector of length 41 with 13 0's.

Although the algorithm is geared towards 3-level designs, it can be
used to construct 2-level designs as well. Due to the high speed of the
algorithm, it can generate many candidate designs for a particular
parameter set. As a result, the best design can easily be found among
these candidate designs. Fig. 6 displays an E s( )2 -optimal SSD for m=38,
n=20 and r = 0.2max . The E s( )2 -optimal SSD for the same parameter set

in Nguyen [11] has r = 0.4max .
The greedy algorithm used in this paper is an example of a heuristic

algorithm for combinatorial problems. To evaluate the performance of
this algorithm, we generate four designs, each with 10,000 tries for the
following parameter sets (i) r t t= 1, = 7, = 20 , (ii) r t t= 2, = 7, = 20 ,
(iii) r t t= 1, = 30, = 100 , and (iv) r t t= 2, = 30, = 100 . The generation
of the four designs for the parameter sets in (i), (ii), (iii) and (iv) each
with 10,000 tries take 0.4 s, 0.8 s, 1 min and 5 min respectively on an
HP laptop with Intel ® CoreTMi7 CPU Q720 @ 1.60 GHz. For the
parameter sets in (i) and (ii), each try results in an E s( )2 -optimal design.
This is not true for the parameter sets in (iii) and (iv) where only six and
five tries respectively result in an E s( )2 -optimal design. The histograms
of the E s( )2 values of 10,000 designs resulting from 10,000 tries for the
parameter sets in (iii) and (iv) are in Fig. 7a and Fig. 7b respectively.

Fig. 4. E s( )2 -optimal SD for m=35, n=36 and r = 0.0417max .

Fig. 5. E s( )2 -optimal SSD for m=82, n=41 and r = 0.3214max .
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Large E s( )2 -optimal designs such as those in Fig. 4 and Fig. 5 could only
be found when at least 100,000 tries are used which might take hours in
the mentioned laptop.

Note that an alternative approach to constructing the designs in this
paper is the complete enumeration one. A vector of size t with t0 zeros,
t t t(=⌊ ( − )⌋)1

1
2 0 1's and t t t( − − )0 1 −1's could generate

t t t t t t!/( ! !( − − )!)0 1 0 1 possible solutions. In the case of SSDs in this paper
where two such vectors are used, this value should be squared. Thus,
Fig. 1b is one of 44, 100( = (7!/(2!2!3!)) )2 possible solutions. The
number of possible solutions for the parameter sets in Figs. 4–6 will
be much larger. Clearly, the generation of possible solutions and
calculation of the E s( )2 and rmax values of these possible solutions is
not feasible when t t− 0 becomes large.

5. Conclusion

This paper describes a fast interchange algorithm for constructing 3-
level E s( )2 -optimal SDs and SSDs using cyclic generators. The 3-level
designs constructed by these cyclic generators and presented in this

paper appear new.
Data from experiments using the SDs and SSDs in this paper can be

analyzed by subset or step-wise regression. Georgiou [5] gave a review
on the analysis of SSDs.

The algorithm in this paper can be easily modified to construct
combinatorial structures other than the designs used in this paper such
as the popular Plackett-Burman designs and conference matrices for use
in the construction of definitive screening designs.

The text files containing the SDs and SSDs in Table 1 and 2 of this
paper are available at http://designcomputing.net/3-level_SD/ and
http://designcomputing.net/3-level_SSD/.
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Appendix A. The E s( )2 -lower bound for 3-level SDs and SSDs
Before presenting the E s( )2 -lower bound for 3-level SDs and SSDs, we present some intermediate results. Let x x x, , …, N1 2 be a set of N integers

whose sum is C and two of them differ by at least 2. Without loss of generality, we assume that x x− ≥ 22 1 . Replacing the pair x x( , )1 2 by
x x( + 1, − 1)1 2 , which preserves the sum, we get:

x x x x x x x x x x( + 1) + ( − 1) = + + 2( − ) + 2 ≤ + + 2( − 2) + 2 < + .1
2

2
2

1
2

2
2

1 2 1
2

2
2

1
2

2
2

Thus, if two integers in the set of integers differ by two or more, the SS of these N integers is not minimal. This means any minimal solution must
have values which differ by at most 1. Thus, if C xN k= + where k N0 ≤ < , then the minimal solution are k numbers with the value x + 1's and
N k− numbers with the value x's. Therefore

Fig. 6. E s( )2 -optimal SSD for m=38, n=20 and r = 0.2max .

Fig. 7. Histograms of the E s( )2 values of 10,000 designs resulting from 10,000 tries when t t= 30, = 100 generated from (a) one vector and (b) two vectors.
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∑ x k x N k xmin = ( + 1) + ( − )
x i

N

i
=1

2 2 2

i (3)

Now, let Xn m× be 3-level balanced supersaturated designs generated from r (0, ± 1)-constituent vectors of length t. Each vector has t0 zeros in each
column and rt0 zeros in each row. When t t− 0 is even, the sum of N t t( = ( − 1)) off-diagonal elements of XX′ is:

C t rt rt rN rt tXX= − trace( ′) = − ( − ) = − + ( − 1).0 0

From (3), it can be seen that the SS of N off-diagonal elements of XX′ will take the minimum value when these N elements take only two values r−
and r1 − . In this case, the SS of these N elements will be:

rt t r t t rt t r( − 1)(1 − ) + ( ( − 1) − ( − 1)) .0
2

0
2

As the SS of the elements of the XXdiag( ′) is t rt rt( − )0
2 and the one of the X Xdiag( ′ ) is rt t t( − )0

2, the SS of the rt rt( − 1) off-diagonal elements of X X′ is:

∑ s rt t r t t rt t r t rt rt rt t t rt r t t r t t= ( − 1)(1 − ) + ( ( − 1) − ( − 1)) + ( − ) − ( − ) ) = {( − 1)( − + 1) + (2 − ) − }.
i j

ij
≠

2
0

2
0

2
0

2
0

2
0

2
0

Thus, when t t− 0 is even, the E s( )2 -lower bound thus be calculated as:

E s
s

rt rt
r t t r t t

rt
( ) =

∑

( − 1)
=

( − 1)( − + 1) + (2 − ) −
− 1

i j ij2 ≠
2

0
2

0

(4)

When t t− 0 is odd, a row of 1's is augmented to the design to ensure that it is balanced (See Fig. 1a and Fig. 1b). In this case, the sum of
N t t( = ( + 1)) off-diagonal elements of XX′ is:

C t rt rt rt rN rttXX= − trace( ′) = ( − ) + = − + .0 0

From (3), it can be seen that the SS of N off-diagonal elements of XX′ will take the minimum value when these N elements take only two values r−
and r1 − . In this case, the SS of these N elements will be:

rtt r t t rtt r(1 − ) + ( ( + 1) − ) .0
2

0
2

Now, as the SS of the elements of the XXdiag( ′) is t rt rt rt( − ) + ( )0
2 2 and the one of X Xdiag( ′ ) is rt t t( + 1 − )0

2, the SS of the rt rt( − 1) off-diagonal
elements of X X′ is:

∑ s rtt r t t rtt r t rt rt rt rt t t rt r t t t= (1 − ) + ( ( + 1) − ) + ( − ) + ( ) − ( + 1 − ) = {( − 1)( − + 1) + }.
i j

ij
≠

2
0

2
0

2
0

2 2
0

2
0

2
0

Thus, when t t− 0 is odd, the E s( )2 -lower bound thus be calculated as:

E s
s

rt rt
r t t t

rt
( ) =

∑

( − 1)
=

( − 1)( − + 1) +
− 1

i j ij2 ≠
2

0
2

0

(5)

Appendix B. Supplementary data

Supplementary data associated with this article can be found in the online version at http://dx.doi.org/10.1016/j.chemolab.2017.02.009.
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